Matrix Rank and Span

Recall Theorem 1: If A is a m x n matrix, then the linear system Ax = b has a solution for all
b in R™ if and only if rank(A) = m.

Theorem 2: Let A be a m X n matrix with column vectors vi,vs,...,v,. Then the following

three statements are equivalent. (they are either all TRUE statements or all FALSE statements).
1. rank(A) =m

2. The linear system Ax = b has a solution for all b in R™.

3. span(vi,vay,...,v,) =R™
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Ezxample 5: Use theorem 2 to justify the following equality.

4
span | (0], (3], [5],]8 =R? (1)
0 0 6 9
~

1
I

Siuce A s M W ec“eloq '&”V‘W/
VQulc.CA)=3

A=

(R
o 3
O O

~0 00 4

Sce voul (A)S'.?) QZo\quu. (2) Lolds by 'H@ou‘cm 2.

Ezample 6: Consider the vectors

1 —1 2 3
vi= 2], vy = |1}, vy = |-1], vy = |4 (2)
3 —2 1 8

Show that span(vy, va, v3, v4) = R3.
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